Abstract. We show that the ergodic averages for the horocycle flow on the two-torus associated by Giulietti and Liverani to an Anosov diffeomorphism either grow linearly or are bounded, in other words there are no deviations. For this, we use topological invariance of the Artin-Mazur zeta function to exclude resonances outside of the open unit disc. Transfer operators acting on suitable spaces of anisotropic distributions and their Ruelle determinants are the key tools in the proof. As a bonus, we show that for any C ∞ Anosov diffeomorphism F on the two-torus, the correlations for the measure of maximal entropy and C ∞ observables decay with a rate strictly smaller than e −htop(F ) . We compare our results with very recent related work of Forni.
1. Introduction
1.1.
The results of Giulietti-Liverani. In a pioneering work, Giulietti and Liverani [6] introduced a "horocycle flow" on the torus, renormalizable by a given Anosov diffeomorphism: Fix r > 1 and let F : T 2 → T 2 be a C r Anosov diffeomorphism on the two-torus. By Franks-Newhouse the stable bundle E s of F (see [11, p. 805] ) is orientable. Fixing an orientation E s + of E s , Giulietti and Liverani assume that DF preserves this orientation and they introduce the flow h t = h For any continuous function f : T 2 → C, any T > 0, and any x ∈ T 2 , define the horocycle average H x,T (f ) = T 0 f (h t (x)) dt. By unique ergodicity, we have for any such x and f (1.1) lim
where µ s is the unique invariant probability measure of the flow h t .
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1 They actually consider more general C r time parametrizations but this is immaterial for the purposes of this work, as the resonances defined below are invariant under such time-changes since the transfer operator is modified by a C r coboundary [6, (2.5) ].
Let h top = h top (F ) > 0 be the topological entropy of F . If r ≥ r 0 is large enough 2 , Giulietti and Liverani associate to F a bounded linear operator L (see (2. 3) below) acting on a Banach space B GL of distributions in a subset of the unit tangent bundle of T 2 such that the following holds: The spectral radius of L on B GL is e htop and the essential spectral radius of L is strictly smaller thañ ρ GL =ρ GL (r) < 1. In addition,ρ 0 := e htop is a simple eigenvalue and the only maximal eigenvalue. Restricting for simplicity to the case where all eigenvalues of L of modulus larger thanρ GL have trivial Jordan blocks (otherwise, additional factors log T q with q ≥ 1 can appear in the expansion (1.2) below), we let {ρ j } NGL j=1 be the , where π denotes the projection from the unit tangent bundle of T 2 to T 2 . The first main result of Giulietti-Liverani [6, Theorem 2.8] gives the following expansion for the horocycle ergodic average H x,T (f ): For any δ ∈ (0, − logρ GL ), there exists a constant C < ∞ such that, for any T > 0, and any x ∈ T 2 there exist real numbers {C j (x, T )} NGL j=0 with sup x,T,j |C j (x, T )| ≤ C, such that for any
where θ j = log |ρj | htop ∈ (−∞, 1) and, for any T > 0,
in the right-hand-side of (1.2). We refer to the introduction of [6] for the motivation arising from the well-known works of Forni and Flaminio giving expansions of ergodic averages along horocycles of (e.g.) geodesic flows on compact surfaces of constant negative curvature in terms of eigenvalues of the Laplacian and of horocycle-flow invariant distributions (see e.g. [4] ). Some of the results of Flaminio and Forni have been extended to variable negative curvature geodesic flows [1] by adapting the ideas in [6] .
1.2.
Absence of deviation resonances and two consequences. The main technical result of the present work, Theorem 2.1, is that, if r ≥ r 1 is large enough (r 1 depends on the expansion and contraction factors of F , see (2.6) and (2.7)) then |ρ j | < 1 for all j = 1, . . . , N GL . (In other 5 words, the transfer operator L does not have deviation resonances.) As a consequence (Corollary 2.3), if r ≥ max{r 0 , r 1 }, the exponents θ j in the expansion (1.2) all satisfy θ j < 0. In particular (even in the presence of Jordan blocks), there exists C ′ < ∞ and θ ′ min =< 0 such that
That is, there are no deviations to the convergence of horocycle ergodic averages.
We next mention a consequence of Theorem 2.1 about the "cohomological equation." Since h t (x) is minimal, Gottschalk-Hedlund's theorem (see [12] for a recent account) implies, for any continuous f , that sup x,T |H x,T (f )| < ∞ if and only if f is a continuous coboundary, i.e. there exists a continuous functionf such that for all x and all T > 0, the following cohomological equation holds:
The expansion (1.4) from Corollary 2.3 thus implies the following dichotomy for the Giulietti-Liverani flow of a C r Anosov diffeomorphism with r ≥ max{r 0 , r 1 }: If f ∈ C r then either µ s (f ) = 0 (and H x,T (f ) grows linearly) or f is a continuous coboundary. Giovanni Forni [5] obtained (independently and simultaneously) related results
6
, in a more general setting: For any C r (r > 1) pseudo Anosov diffeomorphism on a compact surface, the correlation spectrum of the Margulis measure is determined by the action of the diffeomorphism on the first cohomology, up to a power law error term (his results do not imply Corollary 2.5, even when the diffeomorphism is Anosov and r is large, see Remark 2.6).
We end this introduction by mentioning that if F is a C r Anosov diffeomorphism on a compact connected C ∞ manifold M of dimension d ≥ 2, and the dimension d s of its stable bundle is equal to one (this is the situation when a horocycle flow of Giulietti-Liverani type can be constructed), then M is homeomorphic (and thus diffeomorphic) to the torus T d , and F is topologically conjugated to a linear toral automorphism A of T d (see [11] for a recent account of this result of Franks and Newhouse). See Remark 3.1 about the limits of our approach in dimensions d ≥ 3.
5 "Men han har jo ikke noget paa," sagde et lille barn. 6 We focus on the analogue of Corollary 2.5 but Forni's main result is an analogue of Corollary 2.3 about equidistribution of stable or unstable curves.
Statement of the main theorem and its two corollaries
Fix r > 1 and let F : T 2 → T 2 be a C r Anosov diffeomorphism on the two-torus. This means that there exist C < ∞ and λ u > 1, λ s < 1 such that the tangent space splits as T T 2 = E s ⊕ E u , with E s and E u preserved by DF , such that, for all x,
By Franks-Newhouse (see e.g. [11] ), since d s = 1, the Anosov diffeomorphism F is topologically conjugated to a hyperbolic linear toral automorphism. In particular, F is topologically mixing. In fact, d s = 1 also implies that E s (see [11, p. 805] ) is orientable. Fixing an orientation of E s , we assume that DF preserves this orientation.
2.1. The Artin-Mazur zeta function of F . Let A = A F ∈ Gl 2 (Z) be the hyperbolic matrix topologically conjugated to F (i.e. the unique linear map in the homotopy class of F ). The eigenvalues 8 of A are
(The contracting eigenvalue is positive by our orientation preserving assumption.) Put λ A = e htop(F ) . An easy computation gives that the unweighted (Artin-Mazur) zeta function of A is just
A if σ = −1 and n is odd, while #Fix
A otherwise, and handle separately even and odd n in this case, using that exp
2.2. The extended dynamicsF and the transfer operator L. Identifying
for all ξ ∈ R, and such that
and there exists ν s < 1 such that
We consider the following compact subspace of the unit tangent bundle of T 2 :
7 · denotes the norm on TxT 2 induced by the Riemann metric on T 2 . 8 We can again reduce to the case σ A = 1 by considering F 2 , but we find it instructive to write the zeta function in the general case. 9 See e.g. the proof of [9, Lemma 18.6.2].
leaves invariant the set
It is easy to see that (F , E s 1,+ ) is a topologically mixing Axiom A repellor, with stable dimension one and unstable dimension two, and that the expansion in the new unstable direction is not smaller than λ u /ν s > λ u . For each n ≥ 1, the periodic orbits of F n are in bijection with the periodic orbits ofF n via the map
,
is the line generated by DF −1
x v, and we consider the weighted transfer operator L ofF defined by
(As explained in [6] , the operator L corresponds to the action of F on one-forms.) (If F preserves area, (2.6) is obvious, with r 1 = 3 + ǫ, taking t and −s arbitrarily close to (r − 1)/2.) Note that (2.6) implies (2.7)
with Λ u ≥ λ u and Λ s ≤ λ s the strongest expansion, respectively contraction of F .
2.4.
The determinantd(z) of L. Theorems 1.5 and §2 of [3] (see also [2, Chap. 6] ) give that the dynamical determinant
admits a holomorphic extension to the open disc of radiusρ
BT , in which the zeroes of dF ,g (z) are exactly the inverses of the eigenvalues of L of modulus >ρ BT (the order of the zero coincides with the algebraic multiplicity of the eigenvalue).
Statement of results.
We now state our main result, using the notation from §2. Using the notation from §2.3, in particular (2.5) and (2.6), we get:
Corollary 2.3 (No deviations for horocycle ergodic averages). Let
be a C r Anosov diffeomorphism which preserves the orientation of E s . If r ≥ max{r 0 , r 1 }, so thatρ ess < 1, then for any δ > 0 there 14 exists C ′ < ∞ such that
where (taking small enough δ)
In particular µ s (f ) = 0 if and only if f is a continuous coboundary.
13 Note that N 1 = N 1,GL . 14 f C r−1 can be replaced by a weaker norm. In the area preserving case, C (r−1)/2 . Our final result is about the unique measure of maximal entropy µ top of F : Corollary 2.5 (Rates of mixing for the measure of maximal entropy). Let r > 1 and let F be a C r Anosov diffeomorphism on the two-torus. Ifρ BT < 1, then there exist C < ∞ and ρ top < e −htop(F ) such that for any C r functions 15 f 1 , f 2 :
Ifρ BT ≥ 1, then for any δ > 0 and any ρ top < e δ−htop(F )ρ BT there exists C such that the above bound holds. (We may choose δ such that e δ−htop(F )ρ BT < 1.)
Recalling (2.6), note that if r ≥ r 1 thenρ BT < 1.
Remark 2.6 (Comparing with the results of [5]). In our setting, Forni's results imply in particular
16 that if r > 1, there exists C < ∞ such that
(2.10)
It suffices to assume that r > 1 and f 1 and f 2 are C 1 to get (2.10), but the error term there is not as good as in Corollary 2.5.
Proof of Corollary 2.5. We may assume that F preserves the orientation of E s , since otherwise we can replace F by F 2 (the two maps have the same measure of maximal entropy and h top ( 
Proof of Theorem 2.1
In order to prove Theorem 2.1, we introduce the following notation: If Φ : M → M is an Axiom A diffeomorphism with a basic set X and φ : X → C admits a Hölder extension to a neighbourhood of X, we set φ (n) = n−1 k=0 (φ • Φ k ), and
.
For such a fixed Φ and X, we say that
Finally, the following two elementary facts will be used in the proofs: For a 2 × 2 matrix Q, we have Det (Id −Q) = 1 + Det Q − tr Q. If Q is a 3 × 3 matrix of the form Q = Q q 0 η , with q an arbitrary column vector in R 2 and η ∈ R, we have
If F = A (so that r = ∞) and σ A = 1 then the above facts for Q = A −n give
(We shall not use the above expression.)
Proof of Theorem 2.1. As a warmup, we assume that r > 3, we fix ǫ > 0 small, and we consider the transfer operator
acting on the Banach space of distributions B = C (1+α)/2,−(1+α)/2 (F, T 2 ) defined in [3, §4] , where its spectral radius is e htop(F ) , while its essential spectral radius is strictly smaller than ρ ess,α := e htop(F ) λ (1+α)/2 , where the regularity 18 of the bundle E s is C 1+α for some α > 0. By mixing, e
htop(F )
is simple and is the only eigenvalue of L of maximal modulus. Finally [3, Theorem 1.5] also implies that the dynamical determinant
, is holomorphic in the disc of radius 1/ρ ess,α where its zeroes are the inverses of the eigenvalues of L.
We will show that spec(L| B ) ∩ {max(ρ ess,α , 1) < |ρ| ≤ e htop(F ) } = {e htop(F ) } , and if, in addition ρ ess,α < 1 (since α is generically smaller than 1, this is a very strong assumption, even for large r), then L : B → B does not have eigenvalues outside the closed unit disc except for e htop . The starting point is the fact that the Artin-Mazur zeta function of F coincides with the zeta function (2.1) of its linear model:
Next, we use that for all n and any x ∈ Fix F n ,
Since for any x ∈ Fix F n we have (using orientation preserving on E s )
where
and assume that ǫ < β < 2. Then there exists [3,
acting on B β has spectral radius < 1 (because |g u | < P er | det DF | −1 ) and essential spectral radius strictly smaller than its spectral radius, and, in addition, d F,g u (w) is holomorphic 20 in a disc of radius > 1. We will see below that the two determinants in the numerator of (3.4) are holomorphic in the disc of radius ρ 
In fact, β = α in the present setting. 20 We also have that d F,g u (w) cannot vanish inside a disc of radius > 1. Since this determinant appears in the denominator, its zeroes do not matter to us.
21 Note that d F,g u (z) is holomorphic in a disc of radius > 1 with no zeroes in the closed unit disc even if ρess,α > 1. The argument for L will exploit a similar feature.
acting on the Banach spaceB = C (t,s (F −1 )(F −1 , T 2 ), for suitable t − (r − 1) < s < 0, associated to F −1 , on which its essential spectral radius is bounded by ρ SRB * ,ess <ρ ess,α . The spectral radius of L F −1 ,SRB is equal to 1, and, since F −1 is mixing, the eigenvalue 1 is simple and it is the only eigenvalue of modulus equal to one. (The respective simple zeroes of d F,1 (z) and d F,1/|Det DF | at z = 1 account for the double zero of ζ F (z) at z = 1 when σ A = +1. Otherwise, the simple zeroes at z = ±1 account for the zeroes of (1 − z 2 ).) Assume by contradiction that L has an eigenvalue ρ = e htop(F ) with |ρ| ≥ 1, then d F,g (1/ρ) = 0. This would imply that d F,1 (1/ρ) = 0 or d F,1/|Det DF | (1/ρ) = 0 (to get a cancellation), and both claims are impossible.
We now prove the lemma: The only differences are that we will need 3 × 3 matrices instead of 2 × 2 matrices, and six determinants instead of four. Also we only need that E u and E s are C γ for some γ > 0. To fix ideas, assume first that ρ BT < 1 so that min{1,ρ
(Recall (3.3) and (2.1).) Second, at anyx = (x, v) = (x, v s 1,+ (x)) ∈ FixF n , we have
. Therefore, we may use for suchx the decomposition
Third, since for all n and all x ∈ Fix F n ,
is the dynamical determinant of L acting on B, which is holomorphic in the disc of radius 1/ρ BT .
It is easy to see that dF ,1 (w) is the dynamical determinant of the transfer operator associated to the SRB measure of the mixing attractorF −1 acting on the Banach space BF −1 = C t,s (F −1 , E) for suitable t − (r − 1) < s < 0, associated tõ F −1 , so, by [3, Theorem 1.5 and §2], this factor is holomorphic in a disc of radius BT > 1 and its only zero in the closed unit disc is a simple zero at w = −1, giving a zero at z = 1.
The last determinant in the numerator of (3.5) is dF ,(g u ) 2 /g (w), which is associated to a transfer operator N of spectral radius < 1 on the Banach space B γ = C γ/2,−γ/2 (F , E) using (g u ) 2 /g(z) < P er | det DF | −1 (the essential spectral radius of N is < 1, but we do not claim that this essential spectral radius is smaller thanρ BT ). Therefore, dF ,(g u ) 2 /g (w) cannot vanish on the closed unit disc.
Finally, the spectral radii of the two remaining operators in the denominator of (3.5) acting on B γ are smaller than 1 since
So the right-hand-side of (3.5) is a quotient of two holomorphic functions in a disc of radius > 1, such that the only zeroes of the numerator in the closed unit disc are a double zero at z = 1 when σ A = 1, and simple zeroes at z = ±1 otherwise. It follows that the only possible zero of dF ,g (z) in the closed unit disc is a simple zero at λ −1 A = e −htop(F ) < 1. This ends the proof of the lemma ifρ BT < 1. Ifρ BT ≥ 1, the same argument works, replacing the unit disc by the disc of radiusρ BT for spectral claims and by the disc of radiusρ −1 BT for determinants.
Remark 3.1 (Higher dimension). Consider an Anosov diffeomorphism F with d s = 1 and d u = 2. Then, assuming that DF preserves the orientation of E s , and that the eigenvalues of the hyperbolic linear matrix A conjugated to F satisfy λ s < 1 < λ u,min < λ u,max , the unweighted Artin-Mazur zeta function of F is (note that λ s λ u,min λ u,max = 1, and, since d is odd, +1 and (−1) d det(A −n ) cancel for all n) ζ A (z) = (1 − λ s z)(1 − λ u,min z)(1 − λ u,max z) (1 − z/λ s )(1 − z/λ u,min )(1 − z/λ u,max )
Factoring the zeta function as a product of dynamical determinants for an extended dynamicsF as in the proof of Theorem 2.1, one cannot exclude a priori eigenvalues of modulus ≥ 1 for the operator (in the denominator) weighted by 1/| det DF | E s |, since the corresponding zeroes could be cancelled by the determinants of the transfer operators in the numerator weighted by det DF | E u max or even det DF | E u min , which also have spectral radius strictly larger than 1.
